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Abstract
We present the main features of the explicitly covariant Light-Front Dynamics formal-
ism and a summary of our recent works on this topic. They concern the bound states of
two scalar particles in the Wick-Cutkosky model and of two fermions interacting via the
usual OBEP ladder kernels.
1 Motivation
The recent measurements performed at CEBAF/TJNAF on the deuteron structure functions
and tensor polarization up to momentum transfer values yet never reached, was the starting
motivation for a series of works in relativistic dynamics. Indeed the measurement of the elec-
tromagnetic form factors at values Q2 ≈ 6 (GeV/c)2, much greater than the nucleon mass,
lets no hope for any attempt to describe this physics without relativity. There are even very
few chances that meson-nucleon dynamics could still be used while the distances involved are
smaller than the nucleon itself RN ≈0.86 fm. A recent and complete reviews of both the
experimental and theoretical works can be found in [1, 2] and references therein.
This motivation has always been present in theoretical physics since the first days of
quantum mechanics. It relies on the need for having a proper relativistic wavefunction of
simple systems – an essential ingredient in the NN¯, qq¯, qqq, . . . physics – and for clarifying the
kind of modifications that Lorentz invariance brings into the non relativistic dynamics.
Our first contribution in this field consisted in a series of papers [3, 4, 5, 6] which, in
the framework of the Explicitly Covariant Light-Front Dynamics (ECLFD), led us to predict
the deuteron structure functions and polarization observables. These calculations, though per-
formed in a perturbative way over the wavefunctions of the Bonn model [7], turned to be quite
successful in the deuteron case and have recently found a natural application in describing the
NN correlation functions in nuclei (see Prof. Antonov contribution to this School and [8]).
The success encountered in these first works and some clear advantages of the ECLFD itself
in describing relativistic composite systems, convinced us to go deeper inside this approach
both in developing formal aspects of the theory and in studying in detail the properties of its
solutions. This effort has up to now resulted in studying the bound states solutions of two
scalar and two fermions systems in the ladder approximation. Doing so, we have in mind the
description of ”genuine relativistic systems” (those for which B ∼ m, β ∼ 1) as well as the a
priori non relativistic ones when probed in relativistic regions (e.g. deuteron).
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In this contribution, we first present the leading ideas of the ECLFD formalism (Section
2) and then summarize the main results of our recent works [9]-[18] on this topic, both in the
scalar (Section 3) and fermionic (Section 4) case. We put special emphasis in the following
items: i) the size and nature of relativistic effects ii) the comparison with the non relativistic
solutions and other relativistic approaches iii) the problem of constructing the non zero angular
momentum states and iv) the solution of the OBEP models for fermions and their stability
properties with respect the cutoff.
2 The formalism
Light-Front Dynamics is an hamiltonian formulation of the quantum field theory, specially well
adapted to the description of relativistic composite systems. In its explicitly covariant version,
proposed by V.A. Karmanov [19] and recently reviewed in [5, 20], the state vector is defined
on a space-time hyperplane whose equation is given by ω · x = σ with ω2 = 0. Wavefunctions -
defined as the Fock components of the state vector - are the usual formal objects of this theory
and are directly comparable to their non relativistic counterparts.
As in any hamiltonian formalism, the dynamical equations are provided by the eigenvalue
equations of the two Casimir operators of the Poincare´ group, respectively the square of the
four-momentum Pˆ µ and of the Pauli-Lubanski Sˆµ four-vectors
Pˆ 2 | Ψ > = M2 | Ψ > (1)
Sˆ2 | Ψ > = −M2J(J + 1) | Ψ > (2)
These operators are quadratic forms of the ten generators
{
Pˆµ, Jˆρσ
}
of the Poincare´ group:
Pˆ 2 = PˆµPˆ
µ
Sˆµ =
1
2
ǫµνρσPˆ
ν Jˆρσ
Different ways of constructing the generators set would lead to different relativistic theo-
ries [21] which will be furthermore strictly equivalent if they were solved in their full complex-
ity. This choice is provided by integrating the Noether conserved currents over a suitable 3D
space-time surface. We remind that Noether theorem associates to each continuous space-time
transformation
x→ x′ = Λx+ a (3)
letting invariant a lagrangian density
L(x) = L0(x) + Lint(x) (4)
a 4-current jµ satisfying the continuity equation
∂µj
µ = 0 (5)
This latter is calculated from a particular L(x) according to very precise recipes. Integrating
over an arbitrary 4D volume V (figure 1), equation (5) is equivalent to assert the nullity of flux
across its boundary ∂V ∫
∂V
jµdSµ = 0 (6)
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Figure 1: Arbitrary volume V for integrating continuity equation
where dSµ denotes the normal to ∂V .
Equation (6) leads to a conservation law only if V is such that ”lateral flux” vanishes. In
the usual approach of dynamics – denoted ”instant-form” in Dirac classification [21] – V is the
space-time volume limited by the hyperplane t=cte (see figure 2). In Light-Front Dynamics –
denoted ”front-form” in [21] – V is limited by two space-time planes ω · x = σ (see figure 3).
Φ  =0 Φ  =08 8
dS
dS
µ
µ
µ
∗
dSjµ = j dx0
j0dSµµj =
x
t
V
dx∗
∗ ∗
Figure 2: Flux in instant-form of dynamics
x
dS
t
2
1
xω  =σ1
ω
ω dS2
xω  =σ
Figure 3: Flux in front-form of dynamics
Let us illustrate the procedure in case transformation (3) is a translation
xν → x′ν = xν + aν
Noether theorem provides a set of four 4-currents {T µν}ν=0,3 given by
T µν =
∂L
∂(∂µφ)
∂νφ− gµνL
3
and satisfying
∂µT
µν(x) = 0
They constitute the energy-momentum tensor. Integrating the continuity equation over an
arbitrary space-time V one gets ∫
V
d4x ∂µ T
µν = 0
and choosing V like in figure 2 gives
[∫
d~xT 0ν(x)
]
upper
+
[∫
d~xT 0ν(x)
]
lower
= 0
That means the four quantities
Pˆ ν(t0) =
∫
d~xT 0ν(x)
are independent of the hyperplane t = t0 position.
Alternatively, by choosing space-time planes ω · x = σ, one obtains the ω-dependent
generators
Pˆ µ(σ) =
∫
T µν(x)δ(ω · x− σ) ωνd4x (7)
with
∂σPˆ
µ(σ) = 0
Equation (7) is the starting point of the Light-Front Dynamics.
In the instant-form approach, the spatial components depend only on the non interacting
part of the lagrangian and are called kinematical. The zero-th component is the interaction
Hamiltonian and governs the dynamics
P 0 = Hint
~P = ~P0
In LFD, all generators split into a free part (Pˆ µ0 ) and an interaction-dependent one (Pˆ
µ
int)
Pˆ µ(σ) = Pˆ µ0 + Pˆ
µ
int(σ)
with the interaction dependent part being along the ω-direction
Pˆ µint(σ) = ω
µ
∫
Hint(x)δ(ω · x− σ)d4x
This can be turn to profit to obtain a maximum number of seven non interacting generators,
an advantage that was already noticed by Dirac in his seminal paper [21] about the different
forms of relativistic dynamics.
Once obtained the generators, (1) provides the dynamical equation determining the mass
of the system M2. After some algebra, one is led to
(M2 − P 20 ) | Ψ >= 2P0 · ω
∫
Hint(ωτ) exp(−iστ) dτ | Ψ > (8)
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where Hint(k) denotes the Fourier transform of the hamiltonian density
Hint(k) =
∫
Hint(x) exp(ik·x)d4x
We will consider hereafter the σ-stationary solutions and set σ = 0 in (8). The evolution of
states towards σ is given in [18].
The state vector is decomposed into its Fock components Ψαβ
2
| Ψ > = ∑
αβ
∫
d4k1 . . . d
4kαd
4q1 . . . d
4qβ
Ψαβ(k1, . . . , kα, q1 . . . qβ) a
†
k1
. . . a†kα b
†
q1
. . . b†qβ | 0 > (9)
which are the wavefunctions. We can consider the set Ψnαβ ≡ {Ψαβ} as the components of
an infinite dimensional vector Ψ = (Ψ1,Ψ2,Ψ3, . . .), coupled to each other via the interaction
operator
∫ Hint(ωτ) dτ . Equation (8) is thus an infinite system of coupled channels.
(M2 − P 20 )


. . .
Ψ2
Ψ3
. . .

 = 2P0 · ω
∫
Hint(ωτ)dτ


. . .
Ψ2
Ψ3
. . .


If we restrict ourselves to the two- (Ψ2 ≡ {Ψ20}) and three-body (Ψ3 ≡ {Ψ21}) wavefunctions,
we obtain a system of two coupled equations for Ψ2 and Ψ3 which constitutes the ladder
approximation. By expressing Ψ3 in terms of Ψ2, one gets an integral equation for Ψ2 with
energy dependent kernel.
The construction of non zero angular momentum states in LFD is made difficult by the
fact that generators of spatial rotations contain the interaction. Consequently the eigenvalue
equation for Sˆ2 and Sˆ3 are non trivial dynamical equations with a level of complexity higher
than the mass equation (8) one. To circumvent this difficulty we have made use of a kinematical
angular momentum operator
~J = −i
(
~k × ∂
∂~k
+ nˆ× ∂
∂nˆ
)
whose eigenstates can be constructed by using the standard angular momentum algebra. The
physical solutions are then obtained as a linear combination of the kinematical operator Aˆ2 ≡
( ~J · nˆ)2 eigenstates, satisfying the so called ”angular condition”. This method was shown to
restore – at least in a simple model - the rotational invariance of the theory to a high degree
of accuracy [17]. Its explanation requires long technical developments and will not be detailed
here. The interested reader could find the first published results in [10, 12, 17].
An important property of Light-Front Dynamics is the fact that the vacuum of the theory
is decoupled from any other Fock state despite the interaction. This ”emptiness of the vac-
uum” results into the absence of vacuum fluctuations diagrams and considerably simplifies the
evaluation of certain processes.
2We consider two interacting fields with corresponding creation operators a†k and b
†
q
5
An appreciable advantage of this formalism with respect to other relativistic approaches,
is the clear link with the usual non relativistic dynamics: LFD wavefunctions have the same
physical meaning of probability amplitudes than their non relativistic counterparts.
Among the drawbacks we note – apart from the psychological barrier of using a non
conventional formalism – the appearance of contact (instantaneous) interactions for non scalar
constituents and two direct consequences of solving the dynamical equations in a truncated
Fock space: the ω dependence of the on-shell approximate amplitudes and the fact that the
different projections of the non-zero angular momentum states along the ~ω direction are non
degenerate (the so called violation of the rotational invariance).
It could be of some help to say few words about the words in what concerns the Light-
Front world. Historically it appeared first in Dirac classification with the particular choice
of front surface t − z = 0. It reappeared in Quantum Field Theory in 1966, under the label
”Infinite Momentum Frame” calculations, when it was realized [23] that boosting the frame
in which calculations of invariant amplitudes are made, gave easier results. In particular all
diagrams related to vacuum fluctuations automatically vanished. Later on, it was shown [24]
that this procedure was equivalent to use the LFD variables z ± t in the theory from the
very beginning and constitutes now the so called standard LFD, developped by many authors
[25, 26, 27, 28, 29, 30, 31, 32, 33, 34].
The difference with respect to our approach is in the words ”Explicitly” and ”Covariant”
which we will try to justify. To choose a front surface in the form ω · x = σ is not only a
mathematical ”delicatesse” but a way to carry everywhere in the theory the ω-dependence
of the formal objects in an explicit way. It has several advantages, all related to the fact
that ω is a four vector with well defined transformation properties. For instance it provides
explicitly covariant expressions for the on shell amplitudes, a property which is often hidden in
the standard LFD formulation. The latter one is recovered by fixing the value ω = (1, 0, 0,−1)
but this value is associated to a particular reference frame and it is not valid in any other one,
what implies a non covariant formulation. Another advantage of the covariant formulation is
the fact that, because the ω-dependence is explicit, it can be controlled at will and removed
when calculating observables (e.g. in the form factors [35]).
If by covariance of a theory, we understand the fact that is based on a set of generators
satisfying the Poincare´ algebra, then the standard and the explicitly covariant approaches would
be both covariant if they were solved in their full complexity. This is never the case in practice,
in particular due to the Fock space truncation, and both formulations can lose this property
when approximate schemes are used.
3 Two Scalar particles
It is always instructive to start by considering a simple model which could provide us with
some physical insight with a lower formal cost. We have thus considered the Wick-Cutkosky
(WC) model [36] describing two scalar particles (m) interacting by a scalar exchange (µ) with
a Lagrangian density LI = gϕ2χ. We are interested in bound states of two particles with
momenta k1 and k2. In the reference frame ~k1 + ~k2 = 0 the ECLFD equation reads
[4(k2 +m2)−M2]Ψ(~k, nˆ) = −m
2
2π3
∫
d3k′
ǫk′
V (~k, ~k′, nˆ,M2)Ψ(~k′, nˆ) (10)
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where ~k=~k1, ǫk =
√
k2 +m2, ω = (1, nˆ) in this particular frame with nˆ2 = 1 – and M the total
mass of the system, related to its binding energy B by M = 2m− B.
The interaction kernel is3
V (~k, ~k′, nˆ,M2) = − 4πα
Q2 + µ2
with
Q2 = (~k − ~k′)2 − (nˆ·~k)(nˆ·~k′)(ǫk′ − ǫk)
2
ǫk′ǫk
+
(
ǫ2k + ǫ
2
k′ −
M2
2
) ∣∣∣∣∣∣
nˆ·~k′
ǫk′
− nˆ·
~k
ǫk
∣∣∣∣∣∣ (11)
Relativistic effects are all included in the second and third nˆ-dependent terms of Q2. By
formally setting nˆ = 0 in this expression – though nˆ2 = 1 ! – one recovers the non relativistic
Coulomb kernel. By furthermore assuming B << m, the kinematical left hand side term of (10)
becomes 4m(k2 +B) and the ECLFD equation coincides with the non relativistic Schrodinger
equation in momentum space for Coulomb interaction4.
Equation (10) was solved [9, 18] for several values of J and µ. For S- waves, the solution
Ψ is a scalar function depending on two scalar arguments Ψ = Ψ(k, nˆ ·~k), i.e. the LFD S-wave
wavefunction has an angular dependence! For non-zero angular momentum states the solution
was obtained on a basis of eigenfunctions of the Aˆ2 operator, discussed in the previous section.
In a truncated Fock space, these eigenfunctions were found to have different M2 values [10, 12]
– a result also noticed in [37] – and a method was proposed to restore in the two-body sector the
rotational invariance. Our main results concerning S-waves are summarized in what follows.
The numerical values given hereafter all correspond to h¯ = c = m = 1 units.
Size and nature of relativistic effects
The size and nature of relativistic effects in the binding energies can be seen in figure 4.
The LFD results for µ = 0 are compared to the non relativistic ones and to those given by the
Klein-Gordon equation. One can see a quick departure from Schrodinger results and a clear
repulsive character - smaller binding energy - contrary to Klein-Gordon (and Dirac) equations
which produces attractive corrections to all orders. LFD energies are also compared to a first
order perturbative calculations – equally valid for Bethe-Salpeter (BS) equation – which have
the form [38]
Bpert =
mα2
4
(
1− 4
π
α log
1
α
)
(12)
and turn to be relevant until α ≈ 0.3.
It is worth noticing that sizeable relativistic effects are observed in a system for which
both the binding energy and the average momentum are small. At α = 0.3, for instance, they
account for a 100% effect in the binding energy whereas <k
2>
m2
≈ 2%.
We would also like to notice that the large differences between the ECLFD and the
non relativistic solutions are not of kinematical origin. In order to disentangle the different
contributions to the relativistic energies B, equation (10) has been formally written KΨ = 1
ε
VΨ
3Strictly speaking, the Wick-Cutkosky model corresponds to the µ = 0 case. We consider here a trivial
extension
4We note a missprint in page 465 of [11] where the expression 4mk2 + 2mB was instead written
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Figure 4: LFD energies (solid) for µ = 0 as a
function of α, compared with non relativistic,
Klein-Gordon and perturbative results
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Figure 5: Contribution of different relativistic
corrections (see text for details)
and we have considered several approximations of it. The results are displayed in figure 5. We
have first considered the case of a non relativistic kernel V – i.e. put nˆ = 0 in (11) and ǫ = m
– together with in curve a the non relativistic kinematics K = 4m(k2 +B) and in curve a’ the
relativistic one K = 4(k2 +m2)−M2. Curves b and b’ are obtained in the same manner but
putting ǫ =
√
k2 +m2. The last one corresponds to the full ECLFD equation. These results
show that – at least in what scalars are concerned – the main effect of a relativistic formalism
is not in the kinetic energy but in the interaction kernel. The kinematical term K has a very
little influence on B, which furthermore goes on the opposite direction, whereas ǫ and V kernel
contribution are both essential. One can thus conclude that kinematical corrections alone are
not representative of relativistic effects. Even when they are included in the kernel, e.g. through
ǫk, they can only account for half the effect.
Comparison with Bethe-Salpeter equation
The comparison with Bethe-Salpeter equation is done in figures 6 and 7. Figure 6 rep-
resents the LFD B(α) curves (solid line) for different values of µ. They are compared with
those provided by BS equation (dashed-line) in the same ladder approximation, whose kernel
incorporates higher order intermediate states. Their results are seen to be close to each other.
This fact is far from being obvious – specially for large values of coupling constant – due to
the differences in their ladder kernel. A quantitative estimation of their spread can be given by
looking into an horizontal cut of figure 6, i.e. calculating the relative difference in the coupling
constant (αLFD − αBS)/αLFD for a fixed value of the binding energy. The results, displayed in
figure 7 for B = 1.0, 0.1, 0.01, show that relative differences (i) are decreasing functions of µ for
all values of B (ii) increase with B but are limited to 10% for the strong binding case B = m
which involves values of α ≥ 5. This indicates the relatively weak importance of including
higher Fock components in the ladder kernel even for strong couplings, as was noticed in [31].
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Figure 6: B(α) for different values of µ in LFD
(solid) and BS (dashed) approaches
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Figure 7: Differences in the coupling constant
as a function of µ for fixed values B.
Weak binding limit and non relativistic solutions
An interesting result was obtained by studying the weak binding limit of B(α). We found
that, except for the case of zero mass exchange, relativistic and non relativistic solutions differ
even when describing zero binding energy systems. These results are displayed in figures 8
and 9. BS solutions, also included, display the same behaviour, indicating that this is not
a pathology of the Light-Front formalism but seems rather a general feature of consistent
relativistic theories. A system bound by a massive exchange would be described by different
parameters whether one uses LFD (and BS) or Schrodinger approaches, no matter how small
the binding energy will be. We concluded from that to the non existence of non relativistic
limit for µ 6= 0.
We would like to mention here that an important part of these differences were taken into
account by including in the Schrodinger equation energy dependent interactions [40].
The scalar deuteron
A straightforward application to this model, and a way to evaluate the modifications
induced by a relativistic treatment of a semi-realistic model, was done by building a scalar
model for deuteron. By adding a ”repulsive scalar” term5 one gets a relativistic version of the
Nucleon-Nucleon MT potential [39].
V = VR + VA =
λR
Q2 + µ2R
− λA
Q2 + µ2A
(13)
In the non relativistic limit, λR, µR, λA, µA are adjusted to reproduce a realistic deuteron wave-
function withB = 2.23 MeV and acceptable NN scattering parameters. If one inserts kernel (13)
5One should note that such a repulsive interaction cannot arise from a scalar exchange but can mimic some
fermionic interactions
9
1.5 2 2.5 3 3.5
α
0
0.005
0.01
B
NR
BS
LFD
µ=1
Figure 8: Zero binding energy limit of LFD
and BS equations (solid) compared with non
relativistic solutions (dot-dashed) for µ = 1
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α
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µ=1.0
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µ=0.15
Figure 9: The same study for different val-
ues of µ. LFD and BS curves are not distin-
guished
in the LFD equations, the binding energy is shifted from B = 2.23 to B = 0.96 MeV, a dramatic
repulsive effect. One can recover the physical value for B by shifting λR = 7.29→ λR = 6.60 –
all other parameters being unchanged – what makes a 10% difference in a coupling constant.
The spectacular change in B is partially due to the small value of the deuteron binding energy.
It illustrates however well the difficulty to unambiguously determine a coupling constant in the
strong interaction physics, even for systems widely considered as being a priori non relativistic.
Wavefunctions
The main modification when comparing LFD and NR wavefunctions with the same cou-
pling constant is due to the change in the corresponding binding energies. A first requirement
to compare them is thus to re-adjust one of the α values (we choose the NR one) in order to
deal with states of equal B. Figure 10 shows the comparison of these wavefunctions, squared
and integrated over the angular dependence nˆ · kˆ ≡ cos θ, for µ = 0 and a moderate coupling
α = 0.5. One then has BLFD=0.0267 and BNR=0.0625 which has been re-scaled to the LFD
value with α = 0.327. One can see small deviations (≈5%) at k = 0. In the relativistic region,
the LFD solutions are systematically smaller than the NR ones and their differences increase
reaching a factor 3 for k = 2, despite the moderate values of B and α. When dealing with highly
relativistic systems – like e.g. mesons in the constituent quark model – both descriptions differ
even for small values of k. Figure 11 shows the case BLFD=0.84 and α = 5 where the squared
wavefunctions at k = 0 are ≈70% different.
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Figure 10: LFD and Schrodinger wavefunc-
tions, squared and integrated over θ for µ = 0.
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Figure 11: Similar comparaison in a highly
relativistic case (α = 5)
4 Two fermions system
We have also obtained [13, 14, 18] recently the LFD bound state solutions for a system of two
fermions interacting with the usual – scalar (S), pseudoscalar (PS), pseudovector (PV) and
vector (V) – OBEP Lagrangians:
Ls = gsΨ¯φΨ
Lps = gpsΨ¯iγ5φΨ
Lpv = gpv
2m
Ψ¯γ5γµ∂
µφΨ
Lv = Ψ¯[gvγµAµ + fv
2m
σµν(∂µAν − ∂νAµ)]Ψ
As in the scalar case, calculations were performed in the ladder approximation. The interaction
kernel is provided by the Born scattering amplitudeM and – according to the Light-Front graph
technique – has two contributions which differ from each other by the light-front time ordering.
Its analytical structure has the form
M = {A1(k′1, k1, τ ′) + A2(k1, k′1, τ)}
[
uσ′
1
(k′1)Oˆ1u¯σ1(k1)
] [
uσ′
2
(k′2)Oˆ2u¯σ2(k2)
]
where Oˆi are vertex operators depending on the type of coupling (Oˆi = 1, iγ5, . . .) and A1, A2
scalar functions. In ”center of mass” variables, i.e. boosting to a reference frame in which
~k1 + ~k2 = 0, the scalar part can be written as
A1(~k,~k
′, nˆ,M) + A2(~k,~k
′, nˆ,M) =
1
Q2 + µ2
with Q2 given by (11) and the total amplitude reads
Mσ′
1
σ′
2
,σ1σ2 =
1
Q2 + µ2
[
uσ′
1
(k′1)Oˆ1u¯σ1(k1)
] [
u(k′2)σ′2Oˆ2u¯(k2)σ2
]
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M =
k’1
u(k’2)
u(k’1) k1
ωτ
k2u(k2)
u(k1)
O
O1
2
ωτ
k’2
q
ωτ
ωτ
ωτ"
’
’k’1 +     " = k1 + q +      
+
k’1
u(k’2)
u(k’1)
ωτ
k2u(k2)
u(k1)
O
O
k’2
q ωτ"
1
2
ωτ’
ωτ
k1
k’1 + q = k1 +      +      "ωτ
As in the scalar case, the two-fermion LFD wavefunctions Φ are Fock components of state
vector (9). Their spin structures depend on the quantum numbers of the state. For Jπ = 0+
they have the form
Φs1s2(k1, k2, p, ω) = u¯s2(k2) φˆ γ5UC u¯s1(k1) (14)
with
φˆ = φ1 +
[
2mγµω
µ
ω · p −
4m2
s
]
φ2
depending on two scalar functions φi. For J
π = 1+ they read
Φλs1s2(k1, k2, p, ω) = ǫ
λ
µ(p) u¯s2(k2) φˆ
µ UC u¯s1(k1) (15)
in which
φˆµ = φ1
(k1 − k2)µ
2m2
+ φ2
γµ
m
+ φ3
ωµ
ω · p + φ4
(k1 − k2)µωˆ
2m(ω · p)
+ φ5
iγ5ǫµνρσ(k1 + k2)ν(k1 − k2)ρωσ
2m2ω · p + φ6
mωµωˆ
(ω · p)2
p is the total momentum, UC = γ2γ0 the charge conjugation operator, e
λ
µ(p) the polarization
vector and ωˆ = γµω
µ. They depend on six scalar fonctions φi.
To get easier links with the non relativistic wavefunctions one uses instead of φi some
linear combinations denoted fi. For 0
+ states, for instance, one simply has
f1 = 2
√
2ǫk φ1
f2 = 2
√
2km
ǫk
φ2
with f1 tending to the usual NR wavefunction and f2 being an extra component of relativistic
origin with no counterpart. For 1+ states the combination is more involved [3] but the fi
functions have similar properties. Thus f1 tends to the non relativistic S-wave component uS,
f2 tends to the D-waves −uD and f3−6 are extra components of relativistic origin.
One can see that in this f -representation, LFD provides a very interesting parametriza-
tion of the relativistic dynamics. One deals with similar formal objects, depending on similar
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arguments. In this way, relativity acts by modifying the usual wavefunctions and by introducing
extra components which becomes negligible – or tends to zero – in the non relativistic regime.
In Φ representation (14-15) the two-body LFD equation reads
[
M2 − (k1 + k2)2
]
Φλσ1σ2(k1, k2, p, ωτ) =
m2
2π3
∑
σ′
1
σ′
2
∫
d3k′1
2ǫk′
1
d3k′2
2ǫk′
2
dτ ′δ(k′1 + k
′
2 − p− ωτ) (16)
2(ω · p) × Φλσ′
1
σ′
2
(k′1, k
′
2, p, ωτ
′) × Vσ′
1
σ′
2
,σ1σ2(k
′
1, k
′
2, p, ωτ
′; k1, k2, p, ωτ)
Inserting (14-15) in (16) one is left – after some lengthy algebra – with a set of coupled two-
dimensional integral equations on the form
Aα(k)φα(k, u) =
∑
β
∫
dk′du′ Bαβ(k, u, k
′, u′)φβ(k
′, u′) (17)
where u = nˆ · kˆ. Aα contains kinematical terms and Bαβ the interaction kernel. For Jπ = 0+
there are two coupled equations whereas for Jπ = 1+ their number is six but can actually be
decoupled into 2+4 [18].
Bij results from integration over ϕ
′, the azimutal angle between kˆ and kˆ′, of more basic
kernels κij
Bij(k, u, k
′, u′) =
1
π2
k′2
ǫk′
∫ 2π
0
κij(k, u, k
′, u′, ϕ′)
F 2(Q2)
Q2 + µ2
dϕ′
2π
which have the general structure
κij(k, u, k
′, u′, ϕ′) =
1
4
∑
αβ
Lαβ Tr
{
M
βα
ij
}
F is a vertex form factor (FF) depending on Q2, Lαβ is a tensor depending on the kind of
coupling, Mβαij is a contraction of a product of ”γ-like” matrices with a tensor Πµν depending
on the Jπ of the state.
M
βα
ij =
∑
µν
Πµν S
µ
i (kˆ2 +m) O
β
2 (kˆ
′
2 +m) S
′ν
j (kˆ
′
1 −m) O¯α1 (kˆ1 −m)
where kˆ = γµk
µ and Sµi ,S
′µ
i are some spin operators [14, 18].
Kernels κij are in general calculated numerically. Only for some special cases it is in-
teresting to deal with analytical expressions, which very soon turned out to be unreasonably
lengthy. As an example we give below the scalar kernel for J=0+ states:
κ11 = −αsπ
{
(ε2k + ε
2
k′)(m
2 − kk′ sin θ sin θ′ cosϕ′) + 2εkεk′(εkεk′ − kk′ cos θ cos θ′)
}
κ12 = −αsπm
{
(ε2k − ε2k′)(k′ sin θ′ + k sin θ cosϕ′)
}
κ21 = −αsπm
{
(ε2k′ − ε2k)(k sin θ + k′ sin θ′ cosϕ′)
}
κ22 = −αsπ
{
(ε2k + ε
2
k′)(m
2 cosϕ′ − kk′ sin θ sin θ′) + 2εkεk′(εkεk′ − kk′ cos θ cos θ′)
}
where we denote αs =
g2s
4π
. Other analytical expressions have also been obtained and can be
found in [13, 14, 15, 18].
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4.1 Results
In a series of works [9]-[18] still in progress we have separately studied, coupling by coupling,
Jπ = 0±, 1± states in the loosely bound (B<<m) and ultra relativistic (B ∼ m) limits. We will
restrict ourselves in this contribution to scalar (S) and pseudoscalar (PS) couplings with special
emphasis in the stability problem – are equations soluble as they are provided by Quantum
Field Theory or do they rather need some regularization? – and in their comparison with the
non relativistic solutions.
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−0.9
−0.6
−0.3
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0.6 α=4
α=3
Figure 12: Cutoff dependence of M2 in the
J = 0+ state, for two fixed coupling constant
below and above the critical value.
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J=1+, a=1
J=1+, a=0
Figure 13: Cutoff dependence of the coupling
constant, for J = 1+ states and B = 0.05.
4.1.1 The stability problem
Let us solve the LFD equations in a compact domain [0, kmax]
[
M2 − 4(k2 +m2)
]
f(k, u) =
∫ kmax
0
dk′
∫ +1
−1
du′ B(k, u, k′, u′)f(k′, u′)
and ask ourselves what happens with M2 when kmax →∞. In case the solution exists, we will
say that equations are stable. In the opposite case, the theory would require some regularization
procedure, for instance by means of vertex form factors, and it is then pertinent to inquire how
the solutions depend on them. We have shown that the answer to this question critically
depends on the type of coupling, on the Jπ quantum numbers of the state and on the value of
the coupling constant α.
Consider first the scalar coupling (Yukawa model) for J=0+. We found [14] the existence
of a critical coupling constant αc ≈ 3.72, below which the solution exists, and above which
the system ”collapses”. This behavior is illustrated in figure 12 where we have plotted the M
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dependence on kmax for two different values of α. We showed the asymptotical behavior of
solutions to be
f(k, u) =
g(u)
k2+β
with a relation β(α) provided by an eigenvalue equation that allows a precise determination of
the critical value β(αc) = 0. This property was checked by a direct inspection of the numerical
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Figure 14: Asymptotics of fi for J = 0
+ state
with B=0.05, α=1.096, µ=0.25. The power-
law coefficients are β1 = 0.82 and β2 ≈ 0
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Figure 15: Asymptotics of fi for J = 0
+ state
with B = 0.5, α=2.48, µ=0.25. The power-
law coefficients are β1 = 0.55 and β2 ≈ 0
solutions of LFD equations – as it can be seen in figures 14 and 15 – and turns to be very
accurate. It is worth noticing that – at least in the framework of this model – the coupling
constant could be ”measured” in the tail of the wavefunction! The J=1+ states, on the contrary,
do not present any stable solution without vertex form factors. This can be seen in figure 13
where the divergency of the coupling constant as a function of kmax is displayed for the two
angular momentum projections of a J=1+ state with B = 0.05. One can also remark in this
figure the non degeneracy of the different projections due to the Fock space truncation; for the
scalar coupling and moderate values of kmax ∼ 10, it remains however less than one percent.
For pseudoscalar coupling, the stability analysis was performed using the same methods
than for the scalar one [16, 18] and presents some peculiarities. Quite surprisingly, the equations
for J=0+ states were found to be stable without any regularization. The results were however
strange in the sense that they lead to a quasidegeneracy of the coupling constants for binding
energies which can vary over all the physical range [0, 2m]. One gets for instance α = 49.5 for
B = 0.001 whereas α = 48.6 for a binding energy 500 times bigger B = 0.5. The origin of
this anomaly was found to lie in the second channel equation (κ22). It has been understood
analytically [16] with a simple model but leads to physically unacceptable results.
The case of other couplings (PV,V,T) has been examined in [18]. Corresponding equations
results into more singular kernels which all lead to unstable solutions without form factors.
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4.1.2 Comparison with non relativistic solutions
We will present the results for J = 0+ states – so with a two-component wavefunction – obtained
with the scalar and pseudoscalar coupling. In each of them, we will consider a loosely bound
(B=0.001) and a very relativistic (B=0.5) system. We have fixed for all the calculations an
exchanged mass µ = 0.15.
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Figure 16: LFD and non relativistic wave-
functions for J=0+ state with B = 0.001,
µ = 0.15 in the Yukawa model
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Figure 17: Comparison between LFD
(Yukawa model), WC and NR B(α) in J =
0+ state
Scalar coupling
For B = 0.001, the LFD coupling constant is αLFD=0.331 whereas the non relativistic
value is αNR=0.323. Like in the Wick-Cutkosky model discussed in the last section – scalar
particles interacting by scalar exchange – relativistic effects are repulsive. They are responsible
for only a 3% difference in the coupling constants, whereas in the purely scalar case this
difference is sensibly greater (αWC=0.364). Wavefunctions – suitably re-scaled – are displayed
in figure 16. One sees that component f1 dominates over f2 in all the interesting momentum
range and that f2 has a zero at k ≈ 0.25. One can also remark that f1 is very close to the
NR wavefunction in the small momentum region but it sensibly deviates with increasing k; for
k ∼ 1.5 the difference represents more than one order of magnitude in the probability densities.
The coupling between the two LFD amplitudes has a very small (0.1%) and attractive effect in
the binding energy.
In the strong binding limit (B=0.5) the situation is quite similar with enhanced relativistic
effects. One has αLFD=2.44 for αNR=1.71 and the differences in the wavefunctions – displayed
in figures 18 and 19 – are already visible at k = 0 (figure 18). One can see however in figure 19
that – even for deeply bound systems – f1 component still dominates over f2. To complete these
results, we have displayed in figure 17 the LFD, NR and WC coupling constants for different
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values of the binding energy. One can see that the LFD results are systematically closer to the
non relativistic values than αWC are, as if the fermionic character of the constituents generates
closer binding energies to the NR case, but larger differences in the high momentum components
of the wavefunction, due to the different asymptotics of interaction kernels.
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Figure 18: LFD and non relativistic wave-
functions for J=0+ state with B = 0.5,
µ = 0.15 in Yukawa model
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Figure 19: LFD and non relativistic wave-
functions for J=0+ state with B = 0.5,
µ = 0.15 in Yukawa model
Pseudoscalar coupling
For pseudoscalar coupling the situation is more involved. First the use of vertex form
factor – though not necessary for getting convergent solutions – is essential to ensure physically
meaningful results. We have chosen, as in [7], a form factor
F (Q2) =
(
Λ2 − µ2
Λ2 +Q2
)n
with Λ = 1.3 and n = 1.
In the weak binding limit (B=0.001) one has αLFD = 190 and αNR = 166, a repulsif effect
much stronger (15%) than in the scalar coupling. Corresponding wavefunctions are shown
in figure 20. One can see that f2 ≈ f1 at k ∼ 0.3 and dominates above k=1. It is worth
noticing the dramatic influence of the form factor in all these calculations: one has for instance
αLFD=103 for Λ = 5 and αLFD=1725 for Λ=0.3 !
The coupling between the two components fi is also very important. By switching off
the non diagonal kernels B12 = B21 = 0 the coupling constant moves from αLFD = 190 to
αLFD = 251. It has thus an attractive effect which tends to minimize the difference between
LFD and NR results.
Quite surprisingly, in the strong binding limit (B=0.5) we have found αLFD=1462 and
αNR=3065. Relativistic effects become now strongly attractive (αLFD < αNR). An essential
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part of this attraction is due to coupling f1−f2 of the two components in the LFD wavefunction.
By performing one channel calculations one has indeed αLFD=3001, what represents a strong
reduction in the effect though it remains slightly attractive. We have checked if this happens
for different values of the exchange mass µ. For the same binging energy B = 0.5 and µ = 0.5
one has αLFD=1728 and αNR=1400, repulsive once again. This told us the difficulty of talking
about relativistic effects in general. They turn to depend not only on the kind of coupling
but also on the binding energy of the system and, furthermore, on the mass of the exchanged
particle.
The preceding results show a qualitative difference between S and PS cases. Pseudoscalar
coupling is by construction relativistic: small and large spinor components are mixed to the
first order. Moreover the coupling between f1 and f2 is essential even for very weakly bound
systems. It is so interesting to study in this case the zero energy limit of the LFD and compare
with the non relativistic results. We understand by that the static potential, with the same
form factor, including delta function term. The results, displayed in figure 21, correspond
to µ = 0.5 and two different cutoff parameters Λ in the form factors. They show the same
behavior that was found in the scalar case, i.e. that relativistic and non relativistic approaches
did not coincide even for systems with zero binding energies as fas as they interact with massive
exchanges.
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Figure 20: LFD and non relativistic wave-
functions for J=0+ state with B = 0.001,
µ = 0.15 and PS coupling
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5 Summary
We have presented the main ideas of the Light-Front Dynamics formalism in its explicitly covari-
ant version. When applied to nucleon-nucleon system with perturbative wavefunctions, they
led to results which are in good agreement with the TJNAF data, even for momentum trans-
fers larger than the constituent masses. Recently, an interesting application of the Light-Front
nucleon-nucleon wavefunctions was done to successfully describe the two-body correlations in
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light nuclei [8]. These facts indicate the ability of this approach in describing composite rela-
tivistic systems and claim for further developments on this theory.
This work was pursued by calculating the Light-Front solutions in the ladder approxima-
tion for two-scalar and two-fermion systems and the main results obtained up to now have been
summarized in this contribution. Among them we would like to stress the points that follow.
In the scalar case, we have found that the inclusion of relativity has a dramatic repulsive
effect on binding energies even for systems with very small <k>
m
values. The effect is specially
relevant when using a scalar model for deuteron: its binding energy is shifted from 2.23 MeV
down to 0.96 MeV. This can be corrected by a 10% decrease of the repulsive coupling constant,
what indicates the difficulty to determine beyond this accuracy the value of strong coupling
constants within a non relativistic framework.
Light-Front wavefunctions strongly differ from their non relativistic counterparts if they
are calculated using the same coupling constant. Once the interaction parameters are readjusted
to get the same binding energy, both solutions become closer in the small momentum region
but their deviations are sizeable at k ∼ m.
The relativistic effets are shown to be induced mainly by the additional terms appearing
in the interaction kernel. Kinematical corrections have only a small influence on the binding
energy.
The Light-Front results are found to be quite close to those provided by Bethe-Salpeter
equation, for a wide range of coupling constant, despite the different physical input in their
ladder kernel.
Even in the zero binding limit, Light-Front and Schrodinger solutions differ (µ 6= 0) both
for scalars and fermions. This leads to the conclusion that such systems cannot be properly
described by using a non relativistic dynamics.
For the Yukawa model, we found a critical coupling constant below which the J=0+
solutions are stable without any regularization. For the pseudoscalar coupling, these solutions
are also stable for all values of the coupling constant but lead to a quasidegenerate α(B) relation.
The J=1+ states are on the contrary unstable for both couplings.
Pseudoscalar coupling shows large deviations with respect to non relativistic solution.
Wavefunction is dominated by relativistic components at k << m, even for weakly bound
systems. However form factors play there a determinant role.
The question about relativistic effects has no simple answer. The consequences of imple-
menting the Lorentz invariance in a quantum mechanical description of a system are different,
following: the nature of its constituents, the kind of interaction, the quantum numbers of the
state, its binding energy, and even the mass of the exchanged particle! There are no simple
recipes to perform a priori evaluations.
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